Designing novel diffusion-weighted NMR and MRI pulse sequences aiming to probe tissue microstructure with techniques extending beyond the conventional Stejskal-Tanner family is currently of broad interest. One such technique, multidimensional diffusion MRI, has been recently proposed to afford model-free decomposition of diffusion signal kurtosis into terms originating from either ensemble variance of isotropic diffusivity or microscopic diffusion anisotropy. This ability rests on the assumption that diffusion can be described as a sum of multiple Gaussian compartments, but this is often not strictly fulfilled. Nevertheless, the effects of nongaussian diffusion has not been considered in detail so far. Here we analyze and demonstrate at least two significant consequences of deviations from the multiple Gaussian compartments systems. First, anisotropic compartments lead to anisotropic time dependence of the diffusion tensors, which causes the measured isotropic diffusivity to depend on gradient frame orientation. In turn, this conflates orientation dispersion with ensemble variance in isotropic diffusivity. Second, additional contributions to the apparent variance in isotropic diffusivity arise due to intracompartmental kurtosis, regardless of diffusion weighting. These will likewise depend on gradient frame orientation. We illustrate the potential importance of these confounds with analytical expressions, numerical simulations and experiments in spinal cord.
Introduction
The classical Stejskal-Tanner diffusion NMR method [1] has been instrumental throughout disciplines from porous media to biomedical imaging. Motivated by the need to obtain information which is independent or even unattainable from conventional diffusion weighting [2, 3] , numerous approaches probing the behavior of diffusing spins with ``orthogonal measurements'' have been proposed [3] [4] [5] [6] [7] [8] .
Such information has proved necessary to inform (bio)physical modeling of tissue microstructure, and to constrain parameter estimation in those models [9, 10] . Additionally, under some circumstances, certain sample characteristics can be quantified in a model free fashion using generalized diffusion encoding sequences. For example, so-called multiple diffusion encoding sequences, have been shown to afford model free quantification of microscopic diffusion anisotropy and diffusion tensor variance [4, [11] [12] [13] [14] [15] [16] . Another recent development, is the introduction of the so-called multidimensional diffusion MRI family of pulse sequences, which aim to quantify various aspects of the diffusion tensor distribution in a system of multiple Gaussian compartments [17] . In such systems, net kurtosis arises exclusively due to ensemble variance in diffusion tensor properties [18] . Multidimensional diffusion encoding elegantly exploits analogies between diffusion in Gaussian compartments and chemical shift anisotropy in solid-state NMR [5] to decompose this variance into distinct sources purportedly related to microstructure. For example, by varying the shape of the diffusion gradient waveform, it becomes possible to disentangle microscopic diffusion anisotropy from variance in isotropic diffusivity [19] .
However, in many porous and biologically relevant systems, where such methods could be of great interest, the assumption of Gaussian compartments is strictly speaking justified only in very specific regimes, typically when small diffusion weighting is used, or short or long diffusion times are applied.
Indeed, multiple reports have unequivocally demonstrated pronounced time or frequency dependencies of the diffusion coefficient [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Hence, the key assumption of current multidimensional diffusion MR is likely to be violated, at least in principle, during part of their inherently long [31] diffusion gradient application. This has at least two consequences, which complicates the interpretation of data derived from such classes of sequences: (1) anisotropic time dependence of diffusion and kurtosis leads to orientation, and therefore dispersion, dependence, and (2) the intracompartmental kurtosis, i.e. kurtosis for a single compartment, is non-vanishing. Here, we study the implications of nongaussian diffusion for multidimensional diffusion weighting, and show in particular that both phenomena have consequences for accurate identification of kurtosis with the variance of diffusion tensor properties over the ensemble. We present analytical calculations supplemented with numerical simulations to examine the magnitude of deleterious effects in various geometries, and support our findings with diffusion experiments in fixed pig and rat spinal cords.
Theory
Interpretation of multidimensional diffusion MRI is based on the multiple Gaussian compartments assumption. We first give a simplified account of the principles of multidimensional diffusion encoding under this assumption. For more detail, see the recent review by Topgaard [17] . We then derive the consequences of violating the Gaussian assumption within compartments. We use the terms compartments, pores, and microdomains interchangeably for spatial regions with negligible exchange.
Multiple Gaussian Compartments
For diffusion in a Gaussian compartment with diffusion tensor D , the diffusion signal (b) S normalized to (b=0) 1 S = reads [32, 33] 
where we use the convention of sum over repeated indices, and the matrix b encapsulates the diffusion weighting
played out by the diffusion gradients ( ) t G . Equation (2) 
Here we introduce the shorthand p ⋅ for the average over compartments. Because of this sum, the net signal becomes nongaussian (unless the microscopic diffusion tensors happen to be all identical), yet time independent, and can be expanded using the cumulant expansion for small b to yield [34] [35] [36] ( )
While the first term for arbitrary b-matrix can be reproduced by combining several single diffusion encoding (e.g. Stejskal-Tanner) measurements [2, 37] , the second term (``kurtosis term'') is of greater interest here, because it explicitly yields the variance of diffusion tensor properties over the ensemble.
The idea of the multidimensional diffusion encodings is that ( ) t G can be designed to produce a bmatrix via Eq. (2) that probes various aspects of the Gaussian compartment. For example, for isotropic diffusion encoding [5, 19] 
Tr(b) ( ), 
i.e., the ensemble average of isotropic diffusivity I D ( b -term) and its variance
Following [38] , we can use the diffusion kurtosis imaging (DKI) formalism [36] 2 2 1 log , 6
to relate the kurtosis I K from the isotropic diffusion weighting to the variance in isotropic diffusivity
It is more convenient to report the dimensionless I K than I V due to the normalization. Typical values of I K in the human brain reported in [8, 38, 39] fall in the range of 0.25-0.6.
These ideas can be extended to other waveforms designed to probe the variance of other aspects of D , such as e.g. its asymmetry and anisotropy [17] : In theory, the entire distribution (D) P can be reconstructed with sufficient sampling of S . However, as we show below, these useful properties break down for nongaussian diffusion.
Non-Gaussian diffusion effects
A general signal expression (ignoring relaxation) for diffusion within a single pore is given by 
From this we make 2 observations of relevance to multidimensional diffusion encoding:
a) The first order term which add to the population variance contribution derived above, and hence in principle prevents a clean interpretation in terms of e.g. isotropic variance. This is irrespective of the value of b , as b appears only as a front factor to that term.
For concreteness, we focus in what follows on magic angle spinning of the q-vector (q-MAS) for isotropic diffusion encoding and implement the piecewise harmonic diffusion gradient waveform described in [40] , with total duration 2 T τ = . However, the principles apply equally to other generalized diffusion gradient waveforms.
Time-dependent diffusivity
For simplicity, we make the assumption that the diffusion tensor eigenvectors are time independent, such that D can be expanded in terms of its 3 eigenvectors ˆk v ( 1, 2,3 k = ) and associated (time-
The apparent isotropic diffusivity I D  is found from (11) into Eq. (10), we then find
Because each of the three eigenvalues in general have different time dependencies (e.g. anisotropy), the three terms multiplying the eigenvectors in Eq. (12) are different, and therefore I D  depends on the orientation of the diffusion tensor eigenframe relative to the laboratory frame defined by the diffusion gradients. Hence, the derived property will not be rotationally invariant, an unfortunate theoretical drawback for the quantification of e.g. isotropic diffusivity.
As a more concrete example, we specialize to the case of axial symmetry of the pores, with the symmetry axis denoted by û . In this case, we find from Eq. (12)
Introducing the notation
Eq. (13) becomes the quadratic form TT r( ) .
with an explicit dependence on the orientation û of the compartment.
We note that the I D  takes on its extreme values when û is aligned with the principal eigenvector of ∆  (maximum) and with the eigenvector associated with the smallest eigenvalue of
Thus, the orientational variability of our measurement is dictated by the range of the eigenvalues of ∆  . In general, the sample will feature some distribution
the measured isotropic diffusivity I D  to reflect not only isotropic diffusivities, but also orientation dispersion, counteracting the goal of separating orientation dispersion from heterogeneity in isotropic diffusivity. We label the additional contribution to the isotropic kurtosis originating from dispersion as
Specifically, if the sample contains pores differing only in the orientation, the entire variance in apparent isotropic diffusivities
is due to orientation dispersion
, instead of true ensemble variance in isotropic diffusivities. Specifically, in the case of a powder average of identical pores,
, the variance in apparent isotropic diffusivity becomes
where i b ∆ are the eigenvalues of ∆  . The true ensemble variance of the isotropic diffusivity is 0.
Fourth moment
Equation Eq. (6) for the q-MAS experiment acquired in a single compartment reads 2 2 1 log , 6
where I K  is the apparent kurtosis, depending on ( ) t G just as I D  . With a population of pores with each of their apparent isotropic diffusivities 
( )
keeping only up to second-order in b in each pore. For the net signal, this then amounts to
The second-order term no longer just reflects the variance in
from the average intracompartmental kurtosis [39] .
Specifically, we can deduce a non-vanishing ensemble variance in isotropic diffusivity in the presence of only a single compartment.
Simulations
For our numerical examples, we model the time dependence of the diffusivity based on diffusion within a one-dimensional interval of length a and with bulk diffusivity 0 D . In this case, the propagator is known exactly, and the diffusivity
Building on this expression, we model two types of compartment geometries, both based on a rectangular box with side lengths || a and a ⊥ : we loosely refer to them as a "square cylinder" || a → ∞ and ``box'' for finite || a and a ⊥ . For the square cylinder
while for the box 
Although an analytical expression for 4 φ can be found in the stick, we here compute it numerically using Monte Carlo simulations with 7 million particles. The 4 th order term is more difficult to estimate robustly with numerical simulations, and therefore we here consider two slightly simpler systems, a one-dimensional finite stick (length a ) and a one-dimensional line of regularly spaced (lattice spacing a ) permeable membranes, having permeability 0.02 κ = µm/ms. Moreover, the latter system was chosen to have a system in which the diffusivity, and thereby 2 D K does not go to zero asymptotically, as for restricted geometries. We create two ensembles for each geometry, i) all lines parallel to ẑ , for
and ii) the corresponding powder for which symmetry considerations yield
For both systems, obviously
We examine the magnitude of the inferred
In addition to these geometric model cases, we also use the experimental time-dependent diffusivities found in fixed pig spinal cord white matter reported recently [21] . 
Experiments
All animal experiments were preapproved by the local ethics committee and fully complied with local and EU laws. Cervical spinal cord specimens were obtained from n = 2 rats using standard perfusion procedures. Briefly, rats were deeply anesthetized with pentobarbital and then the rats were perfused transcardially. After fixation, the tissues were immersed in 4% PFA for 24h post-mortem, and then 
Results

Simulations
In Figure 1a , we demonstrate the variability of I D  in the ``square cylinder'' depending on its [8, 38, 39] . We see that this is a rather extended region for this system, limiting the applicability to a region corresponding to highly isotropic domains, particularly for the smaller box dimensions. Figure 2b maps In Figure 3 , we have inferred time-dependent diffusivities from [21] in intra-and extra-axonal spaces to compute the isotropic diffusivity as function of waveform duration which would be observed with q-MAS experiment of varying duration according to Eq. (13) . Clearly, there is a pronounced orientational dependence, especially for the intra-axonal space, which is also the most anisotropic space, where the relative variance plateaus around 0.015 for waveforms longer than 40 ms. For comparison, the dashed lines show the actual isotropic diffusivity computed from the compartmental diffusivities interpolated to the effective diffusion time
For both the intra-and extraaxonal spaces, the apparent isotropic diffusivities consistently overestimate the true isotropic diffusivity, regardless of gradient orientation . Figure 3c is similar to a and b, but combines the intraand extra-axonal spaces according to the volume fraction 0.5 f ≈ found in [21] . This attenuates the relative range somewhat compared to the intra-axonal space, although I D  still varies more than 10%
of its mean and is consistently overestimated. However, the reduced orientational variability of apparent isotropic diffusivity for the two compartment system compared to each of the compartments individually does not necessarily imply that the contamination of isotropic variance by dispersion is small. For a system with two anisotropic Gaussian compartments with identical
, one can show that the net kurtosis has three terms ( )
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where the first two terms originate from the dispersion variance Eq. (17) in each of the compartments (extra and intra, respectively), and the last term comes from the ensemble variance of mean apparent isotropic diffusivity. The blue curve in Figure 3c shows the kurtosis contributed by orientation dispersion relative to the total apparent isotropic kurtosis Eq. (29) for a powder sample consisting of the intra-and extra axonal compartments. For most of the time range in this system, it exceeds 20%.
This large fraction is partly due to the near equality of the compartment mean diffusivities, as has also been found by other authors [39, 43, 44] , and the situation may be more favorable in other systems. [21] .
black dashed line). The blue curve plots the apparent isotropic kurtosis originating from dispersion in a powder distribution relative to the total apparent isotropic kurtosis. Data from Fasiculus Cuneatis (ROI C) in
In Figure 4 , we examine the orientational variability of the apparent isotropic kurtosis (still ignoring intracompartmental kurtosis) for a two compartment system of parallel sticks (axons, no dispersion) and a cylindrical extra axonal diffusion tensor, i.e. 
as a function of τ . The compartment diffusivities are those obtained from the 7 white matter ROIs in [21] . The gray shaded area in the figure outlines the possible outcomes of Eq. (30) as the orientation of the gradient frame is varied, and the dashed orange line is the average of those values. This is then compared to the ground truth
(green line) at the corresponding effective diffusion time, and to ( )
(red line). K D at the corresponding effective diffusion time, the full red curve plots (3 times) the variance of the directionally averaged compartment apparent isotropic diffusivities, and the dashed lines line the average
It is evident that there is a large dependence on orientation of the apparent isotropic kurtosis in the system. Averaging Finally, Figure 5 illustrates the contribution to variance in apparent isotropic diffusivity originating from kurtosis in a single pore system,
I K δ , as computed using Monte Carlo simulations. This contribution can become both positive and negative, depending on geometry, and in the case of the permeable barrier system, it becomes on the order of 1 for some characteristic length scales. Such a magnitude will clearly interfere with contributions from true ensemble variance in I D [39] . 
Experiments
To study the corruption of isotropic diffusivity measurements from a different angle, we now investigate the variability in apparent isotropic diffusivity in rat spinal cord as the q-MAS gradient frame is rotated along 12 orientations. In addition to a T2-weighted image 0 S and FA, Figure 6 shows maps of mean I K  and its standard deviation over directions, normalized to its mean over directions. 
and its standard deviation normalized by the mean (coefficient of variation).
This variability tends to be higher in the white matter, than in the gray matter, as could be expected.
The histogram in Figure 7 
Discussion
In this paper, we addressed the general influence of nongaussian diffusion on the interpretation of multidimensional diffusion MRI. We focused on a particular realization of the so-called magic angle spinning of the q vector for isotropic diffusion weighting (q-MAS), and identified two potential confounds when the crucial assumption of multiple Gaussian components is violated. Both issues were showed to lead to additional contributions to the kurtosis otherwise identified exclusively with ensemble variance in isotropic diffusivity.
The first issue was the appearance of anisotropic time dependence in the diffusion tensor, which induced a dependence of apparent isotropic diffusivity on gradient frame orientation. This causes an additional contribution to the q-MAS kurtosis due to pore orientation dispersion, which can jeopardize the interpretation of kurtosis as ensemble variance in isotropic diffusivity. The actual magnitude of the effect was found to depend on the geometry of the compartments, and their size compared to the diffusion length. Based on the square cylinder simulations, we found that for diameters below about five micrometres, the overall variability relative to the true bulk diffusivity was less than 10%.
Such a geometry could apply, for example, to spins inside axons in the brain. However, in the spinal cord where axons are larger, the variability could become greater. For a uniform distribution of pores, the dispersion contribution to q-MAS kurtosis [8, 38, 39] . For an anisotropic box, the simulations revealed a large class of geometries for which the range of variability in apparent isotropic diffusivity exceeded 0.1: in fact, for dimensions on the typical cellular scale, the pores had to be relatively isotropic to limit the range below 0.1, corresponding to 15 -40% of reported I K  values [8, 38, 39] . The corresponding standard deviation in a powder sample allowed for slightly larger anisotropy, but still limited the method to rather isotropic compartments. In the limit of completely isotropic compartments, the kurtosis of the standard Stejskal-Tanner sequence itself directly yields the variance in isotropic diffusivity over the ensemble (disregarding intracompartmental kurtosis, see below).
To examine the importance of these issues with plausible time-dependent compartmental diffusivities, we used results obtained in fixed pig spinal cord [21] . These results confirmed sufficient anisotropic diffusion time dependence to induce a small but noticeable orientation dependence of q-MAS I D  , in particular in intra-axonal space, as well as an overall overestimation of I D . As a result of the anisotropic time dependence in each of these compartments, we observed a non-vanishing ensemble variance in isotropic diffusivity. Even though the orientational dependence of apparent isotropic diffusivity of the individual compartments in the system was small, the conflation with dispersion could potentially account for a large fraction of the isotropic variance. However, overall, the more serious issue for this type of geometry was the deviation between isotropic diffusivity and apparent isotropic diffusivity measured with q-MAS: this caused apparent isotropic kurtosis, even when averaged over orientations, to behave very differently from the ensemble variance of isotropic diffusivities. Furthermore, the apparent isotropic kurtosis showed a large orientational variability.
These findings were explicitly confirmed with q-MAS acquisitions of different orientations in fixed rat spinal cord. There we found an orientational variability of I K  typically about 40% of the mean. Note that this variability is attenuated by pre-existing dispersion in the spinal cord -in the pig spinal cord, dispersion at comparable diffusion times was estimated to be approximately 20° [21] .
The second issue was a non-vanishing intracompartmental kurtosis, which likewise adds to the ensemble heterogeneity in isotropic diffusivity (
I K δ ). Using Monte Carlo simulations, we analyzed its magnitude as a function of compartment size in the finite stick and regularly spaced permeable barriers in 1D. In these systems, the true ensemble variance of isotropic diffusivity is zero since there is just one type of compartment, possibly with different orientations. We found a rather large range of values from about -0.3 to more than 1 depending on the sample and its dimensions, which again could be compared to the reported values of isotropic kurtosis in healthy brains and tumors fall in the range of 0.25 to 0.6 [8, 39, 45] . This may potentially be a serious issue, not only for multidimensional diffusion weighting, but also for other models employing multiple Gaussian compartments [9, 46, 47] .
In a given system, it may be possible to use the present results to design waveforms less sensitive to nongaussian effects, based on assumptions about pore geometry. Alternatively, one can apply multiple diffusion encoding with narrow pulsed field gradients, such as double diffusion encoding and triple diffusion encoding. With this approach, rigorous analysis shows that in the long mixing time regime, the 4 q (kurtosis) term directly yields the diffusion tensor variance, even for nongaussian pores [2, 14] . From this tensor, it is possible to extract isotropic diffusion variance directly [17] . This approach may have other problems of a more practical nature, such as a prolonged echo time, but the regime of validity is arguably more transparent.
Conclusion
Our results show that nongaussian diffusion effects confound the interpretation of multidimensional diffusion MR metrics, mainly due to the time-dependence of the diffusion tensor which is sampled in different and orientationally dependent ways during the gradient waveform application, as well as from intra-compartmental kurtosis. Consequently, caution should be exerted when interpreting metrics from multidimensional diffusion in nontrivial samples, as the interpretation of the derived parameters may be obscured by the abovementioned effects. Specifically, for magic angle spinning of the q-factor, where the diffusion kurtosis previously has been attributed solely to variance in isotropic diffusivity, we showed that additional contributions occur due to anisotropic time dependence of the diffusivity and due to kurtosis of individual pores. Experimental findings in pig and rat spinal cords supported these conclusions.
